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Abstract 

The Pseudo-Differential Operator (p.d.o.) h^ a associated with the 
Bessel Operator involving the symbol a(x, y) whose derivatives satisfy 
certain growth conditions depending on some increasing sequences is 
studied on certain Gevrey spaces. The p.d.o. ha a on Hankel transla- 
tion r and Hankel convolution of Gevrey functions is continuous linear 
map into another Gevrey spaces. 
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1 Introduction 

The pseudo-differential operator (p.d.o.) h^ a have applications in the study 
of boundary value problems on the half line. The p.d.o. h^ a was introduced 
by [5], and its properties were investigated using Zemanian's theory of the 
Hankel transformation to certain space of Ultradistributations. Zemanian's 
theory was further extended by Lee [3], Pathak and Prasad [5], for this 
purpose, the spaces R^ ah ,Ai H h ^ ,B and H b ^ A of ultradifferentiable function 
were denned as follows. Similar spaces have been studied in [2] and [7]. 
Zemanian [8] introduced the function space consisting of all complex 
valued infinitely differentiable functions denned on I = (0, oo) satisfying 

7 ^ fc (0) = sup \x m {x~ l d/dx) k x-^ 1/2 (t){x) | < oo, V m, k G N . (1) 

x€l 
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The pseudo-differential operator involving the symbol a(x, y) is defined by 

poo 

(h^ a <P)(x)= (xy) 1/2 J^xy)a(x,y)$(y)dy, //> -1/2 (2) 
Jo 

where is the Hankel transformation defined by 

POO 

d(y) = M){y) = / {xy) l / 2 JJxy)<t>(x)dx, (3) 



and Jfj, is the Bessel function of the first kind of order \i. We shall study the 
properties of the symbol a(x,y) in section 2. The following definitions and 
results will be needed in the sequel. 

The space LP(n > —1/2) is the set of all measurable functions (p on 
/ = (0, oo) such that 



\<P{x)\ p x» +1/2 dx < oo. (4) 
The Hankel translation of G Lz(I) is defined by 

POO 

(r z (f>)(w) = I (p(y)D IM (y,w,z)dy, Vw,zel (5) 

where 

D^y,w,z) = I t-^ 2 j^yt)j^wt)j^zt)dt, (6) 



o 





and 

j^wt) = (wtyVj^wt). (7) 

The Hankel Convolution transform of two functions (f>, ip G L^AI) is defined 
by 



{(f>#i)){z) = / <f)(w)(T z ^)(w)dw, a.e.zel (8) 
Jo 

we shall also make use of the following results [[I], p. 285] 

K(r z 4>)[u) = u-^ 2 Jfl (uz)(h^)(u), V u, z G / (9) 

and 

h^#ij)(u) = u-»- l l 2 {h^){u){h^){u). VnG/ (10) 



We shall use the notation and terminology of [U EJ [5] • The differential oper- 
ators N^, M M and are defined by 

N, = N, tX = x^\djdx)x-^\ (f f) 

M, = M^ x = x-^\djdx)x^\ (12) 

S, = S,, x = M.N, = d 2 /dx 2 + (1 ~ a 4 2 /i2) - ( 13 ) 
We have the following relations for any e : 

Vi(-^) = W, (14) 

h^N^) = -yhph (15) 

KiS^) = -y 2 h^ (16) 

and 

r 

Stfix) = ^6,a; 2j ' + ^ +1/2 (rf/rfx) r+ ^-^ 1/2 0(x), (17) 

3=0 

where the bj are constants depending on /x. 

The following formula are given in [[5], pp. 129, 134] and [[1], pp. 240, 242] 



(x- l d/dx) k (x-»- ll2 4xt)) = ( k ) (x^d/dxy^x^d/dxf-^x-^- 112 ^)^) 



{x- l d/dx)\x-^J^x)) = (-l) k (xy^J, +k (x) (19) 

{x-H/dxfix^J^x)) = (xr~ k J^ k (x). (20) 

Let {ctfc} feGNo an d {^} ge N ^ e ar bitrary sequences of positive numbers which 
satisfy the following conditions 

a\ < a fc _ia fc+ i, V k > 1 (21) 

< 6,-iVn V g > 1 (22) 
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Immediate consequences of these inequalities are 

a p a k <a a p+k , V p, k = 0, 1, 2, . . . (23) 

b P b q < b b p+q . V p, q = 0, 1, 2, . . . (24) 

from inequality ( I2T1) it can be proved that 

(a k /a k +i) < (a k -i/a k ) < (a k - 2 /a k -i) • • • < (ao/ a i)> (25) 

and 

flfc-r = (Ofc-r/Ofe-r+l) x (afc-r+l/a/c-r+2) X • ■ ■ (a k+ \j a k ) X a& 

< (a /ai) x (a /ax) x • • ■ (a /ai) x a fc ; 

so that 

flfc-r < (aoM)' r x a fc . (26) 

Furthermore, assume that there are constants Ri, R 2 > and Hi,H 2 > 1 
such that 

a p < RiH{ min a q a p ^ q , V p, g e N (27) 

0<9<P 

fop < # 2 #f min b q b p . q , V p, g E N . (28) 

0<g<p 

Let the constants Ci, foi, c 2 , h 2 , c and ft, be such that for all k, q G N , 

Ofc+i < c x h\a k , (29) 

&q+l < c 2 /i 2 6 9 , (30) 

b q+ i > ch% q . (31) 

The conditions ( 1291) and ( 130]) may be replaced by the following stronger 
conditions whenever necessary 

a r+k < L x R\ +r a r a k , Vr,fc>0 (32) 

b r+g < L 2 R r 2 +q b r b q , V r, q > (33) 
where Lx,R^,L 2 and i? 2 are positive constants. 

The spaces of type H^, that is H^ akjA , H^' and A are defined as fol- 
lows: 



Definition 1.1 Let <p be infinitely differentiable function on I. Then 
H^a k ,A if and only if 



\x k (x- 1 d/dx)ix-^- 1 ^ 2 <t>(x)\ 
SU Pfc£N Sn PxGl {A+a) k a k < 00 



for every q G N where A is a certain positive constant depending on (ft 
and a > is arbitrary. 

Definition 1.2 The space H^" B is defined as follows: <f> G H^ q,B if and only 
if 



k ( x - 1 d/ dx ) 1 x ~ P ~ 1 / 2 4> (x ) I 



k — su P g eN su Pze/ (B+ P )ib q < 00 

for every k G N where B is a positive constant depending on <fi and p > 
is arbitrary. 

Definition 1.3 The function <p G H^ ,B A if and only if 

^{x^d/dxyx-^- 1 / 2 ^^ 
— SU Pfc,ggN SU Pxe/ (A+a) k a k {B+p)ib q < 00 

where a and p are as above and A and B are certain positive constants 
depending on <fi. 



The elements of the spaces i? M , afc ,A; H^ q,B and H b *' B A are called Ultradifferen- 
tiable functions and those of the corresponding dual spaces (H^ ak> A) ', {H^' )' 
and (Hu' ak a)' are called Ultradistributions. 
From [6J, we have the following results: 



Theorem 1.1 If {a^} satisfies (\2l\j and {b q } satisfies ( l28\) V k, q G N 0; 



then for each fixed z, < z < Zq, p > —1/2, the mapping <p i — > T z <p is con- 
tinuous from the spaces 

ft) K%Ia Mo H^ m , where A 3 = A X B Z {R®)\ B 3 = + ( W^) 2 ], A l 

AB(R*) 2 , B 4 = Al(R®) 6 , R® = max(l, R X R 2 ) and R u R 2 are defined by (\1 
and (\M), 

and 

(li) H^ ak .A into H^ a 2 A2 , where A 2 = i? 2 ^ + (z ao/ai) 2 ], #i = A 2 (R*] 
and R* = max(l, R\). 
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We note that the Hankel translation cannot be defined on the whole of the 
space HJ ,B ; but it could be defined on a certain subspace H^" B of H^ q,B in 
which the following condition is satisfied 

supQ£ +2? = Q^, (34) 

k 

where Q*^ are constants restraining the (j)'s in H^ q,B . Then 

(in) H b J' B into E h } ,B \ where B 2 = B 2 (R*) 6 ,R* = max(l,i? 1 ). 



2 Pseudo-Differential Operator Involving Han- 
kel Translation on the Spaces of Type 

This section investigates the p.d.o. involving Hankel translation r on the 
spaces H^a, H^' and H bq ' B A . 

Definition 2.1 The symbol a(x, y) is defined to be a complex valued function 
belonging to the space C°°(J x /), such that its derivatives satisfy the growth 
condition 

{(x-'d/dxriy^d/dyYaix^)] < L m (C + 5) a c a (D + rjf d v (l + y) m -» (35) 

for all a, v e N , 5 > 0, r\ > and L m > 0, where m is a fixed real number, 
and {c a } and {d u } are certain sequences of positive real numbers satisfying 
some of the conditions of type ( I21\) -( l3l\) . The set of all such symbols will 
be denoted S™ r , . 

We have the following interesting results 

Theorem 2.1 // {a k } and {&JV k,q e N 0; satisfies (W§ and (\M) re- 
spectively then for each fixed z,0 < z < z and > —1/2, the mapping 
<f) i — > h^Tzcf) is linear and continuous from 

(i) H^ ak!A into H^ q,B3 , where B 3 = R\ [B 1 + (z a Q /ai) 2 } 
(li) H%" B into H^b, 

(Hi) Kfu,A ^to Hf^ kAi , where A, = ABHf, B 3 = R{ [B, + ( W«i) 2 ] 
and Bi as above. 
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Theorem 2.2 Let {a^} , , {c^} and {dk} , k G N 0; satisfy condition ( \EB) , 
H > —1/2, and let the symbol a(x,y) satisfy ( Whl) then the p.d.o. <fi i — > 

hf jL ^ a Tz4' is continuous linear mapping from H^ q ^ A into ff^jy where 
a* k = max feeNo (a fe ,4),6* = maXg eNo (6 g , c 9 ), A 6 = ((ao/a*).D + -B 3 )Ai, B 6 = 
(^ajf/frfaf )C + H& A\ and B 3 , A 1 as above. 

Proof: Suppose that G H^ ak A , then by Theorem (2.1)(iii) (h^r z (f)) G 

where A = ^(i?*) 2 and £ 3 = i? 2 [B! + ( W«i) 2 ] , = max(l, R 1 ). 

Now assume that 

= (h^ a T z (j))(x) 

(xy) l/2 J,,(xy)a(x, y) (^0) 



Using Zemanian's technique [[8], p. 144] we have 

iV M $(x) = a^ +1/2 (d/cfe)ar^ 1/2 $( 



r 



M+l+l/2/ -1 



x" 1 rf/da;)x^ 1/2 <l>(x). (36) 



N,^iN^(x) = x» +1+1/2 {d/dx)x-^ +1) - 1,2 N^{x) 



X 1 



M+2+1/2/ -1 



(x- 1 d/dx)x^- 3/2 ^ +3/2 (x- 1 d/dx)a;-^ 1/2 $(a;)] 



= ^ +2 + 1/2 (arM/dx) 2 ar^ 1/2 $(£). 

Similary, using ( [IS]) , we have 

JV„$(:r) = ^ +9+1/2 (x- 1 rf/rfx) 9 x^- 1/2 $(x) (37) 
= x^ l / 2 {x- 1 d/dx) q x-i»- 1 ! 2 

(xy) 1/2 Ju(xy)a(x,y)(KT z (j>)(y)dy 



o 



Jo 

x» +q+l/2 n yLl 2 ^( q \x- x d/dx) q ^x-»Jp(vy) 



r=0 

x (x~ 1 d/dx) r a(x,y)(h fl T z (j))(y)dy 



j°° y 1/2 E ( g ) (-2/r r ^~ 9+r w«y) 



x (x d/dx) r a(x,y)(h f ,r z (f))(y)dy. 
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Therefore, 



N, +q ^ . . . N^(x) = V ( q ) [°° x^y^ix-'d/dxYaix, y) 

x (h fl r z (f))(y)(-y) g - r J ll+q ^ r (xy)dy (3* 

= S r f o ( x y) 1/2j »+q-r( x v) 



r=0 

x [(x^d/dxYaix, y){-y) q ~ r (h^T z 0)(y)]dy. 



~ S ( r ) xrh ^+i-' r 

r=0 ^ ' 

x [(x- 1 rf/rfx) r a(x,y)(-y)' ? - r '(V^)(l/)](^)- (39) 
Using formula —xh^cfi = /i M+ i(A^0) in ( |39]), we get 

(-x)iV,_ 1 ...iV>(:r) = £ ^^(-x)^ +9 _ r [(x-M/dx) r a(x,y)(-y)^'(^r 2 0)(y)](x) 

= e(;K 



r=0 

/ (I \ 

^ix+q—r+l^ii+q—r 

\ i i 

r=0 

x [(x^d/dxYaix, y)(-y) q - r (h )1 T z (j))(y)}(x) 
q 



1 fj,+q—r 



= Y,( q )x r (-x) r(xyf 2 J^ r+1 (xy)N, 

r=0 V' 70 

x [(x- l d/dxY'a{x, y)(-yY~ r (h^T z <p) (y)}dy 

r=0 V ' ^ 

x 2/ -^- 1 / 2 [(x- 1 rf/rfx) r a(x,y)(- Z /)^ r (^^0)(y)]^ 



= E^V 1 ) 9 " * r+l/2 y» +q - r+ \y- l d/dy) 

r=0 V / ^ 

x [y~*~ l/2 {Kr z (j>)(y)tx~ l d/dxYa{x ) y)J IJi+q - r+1 {xy)\dy (40) 
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= E^V 1 ) 9- ^ r^v) l/2 J, +q -r^{xy) 

x [^- r+1+1/2 (y- 1 rf/^){y-^ 1/2 (^r 2 0)(y)(a;- 1 rf/rfx)'-a(x, 2 /)}]rf 2/ 

= E (^(-i) 9 -^ r ^ +9 - + i[^ r+1+1/2 

x (y~ 1 d/dy){y-^ 1 / 2 (h^ z <p)(y)(x- 1 d/dxya(x,y)}]. (41) 
Now, from (IU|) again using result —xh^cfi = h M +i(iV "^0) , we get 

= E^)(-i)^ r (-^)Wr + i 

r=0 ^ ' 

x [^ + ^ +1+1 / 2 (y- 1 rf/^){y-^ 1 / 2 (^r 2 0)(y)(a;- 1 rf/rfa;)'-a(a;,y)}] 
= E ( 9 ) {-l) q - r x r K +q - r+ 2N, +q - r+l 

r=0 ^ ' 

x [^- ?+1+1 / 2 (y- 1 rf/^){y-^ 1 / 2 (^r 2 0)(y)(a;- 1 rf/rfa;)'-a(x, 2/ )}] 
= E^V- 1 ) 9 "^ r(xy) 1/2 J, +q -r + 2(xy)N, +q . r+1 
x [^ + ^ +1+1/2 (y- 1 rf/rfy){y-' 1 - 1/2 (^r 2 0)(y)(a;- 1 d/rfx) r a(a;,y)}] 



(-x) 2 (N, +g _ 1 ...N^(x)) 



SC) ( - ir i 



2.r+l/2 fi+q-r+2+1 



x J^ +q - r+2 (xy)dy. 



In general, we have 



x \{y- 1 d/dy) k {y^- l /\h ll T z( i ) ){y){x- l d/dxya{x ) y)}} 
x J fM+q - r+k (xy)dy. 



J2[ Q r ) (-1)^ / " x r+l/2^-r+fc+l 
r=0 

- 

i/=0 

x a(x,y)(y- 1 d/^) fc -^-^ 1 / 2 (/ iM r 2 0)(y)J M+g _ r+fe (xy)^. (42) 



o 



( k ) (y-'d/dynx-'d/dxy 
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Now, from ( 157)) . we know that 

Nfj+q-i . . . N^(x) = x^+^ix^d/dxYx-^ 2 ^). (43) 
Multiplying both sides in ( 113")) by (— x) k , we get 

(-z)*(JV^+,_i . . . N^(x)) = (-l) fe x^ +fc+9+1/2 (x- 1 rf/rfx) 9 x^ 1/2 $(x). (44) 
Comparing equations (H2j) and ( HI)) , we have 



E( )(y 1 d/dy) u (x l d/dx) r a(x,y) 



r=0 
k 

X 

x (y^d/dy^y-^ih^^J^-r+k 

Therefore, 

9 



r=0 
fe 

X 

i/=Q 



( )^ 1 d/dy) u (x 1 d/dx) r a(x,y) 



x (y M/dy)* ^ " 1/2 (h /1 T z (l))(y)J fl+q _ r+k (xy)dy. 

Thus 



r=0 W Jo y=0 V 

x (x~ 1 d/dx) r (y -1 d/dy) 1/ a(:r, y) 

x |(y-M/^) fe -V M - 1/2 (V^)(2/)| 
x | (xy)-^ +9 ~ r) J^+q-r+kixy) | dy. 

Using inequality ( 1551) . the right-hand side assumes the form 

e ( g ) r y 2( ^- r)+fc+i e n ^ + *) p <vp + ^ + ^ 

r=0 ^° i/=Q ^ ' 

o-O+g-r) jt 

x |(y- 1 d/dy)*-V*- 1/a (W)(v)l w ; r^cfy. 



T(/i + 5 — r + 1) 



10 



If we assume that p is a positive integer such that p > m and s > 2/x + 1, 
then the last term can be estimated by 



y2(ix+q-r)+k+l _|_ y^m-v+s 







r=0 i/=0 



x sup[(l + y )p+Y iq - r)+k |(y- 1 d/dy) fc - l/ y-^ 1/2 (V^)(2/)|] 

/•oo y 2(fi+l/2) 

x y (tt^^- 



x E (T) sup[yV( " r)+fc 



x Ky-^/di/J^V^CV^Cl/)!] 



< 2-»EL m A A ^ / g \ /fc\ /p + s 

^ / r=0 ^=0 n=0 V / \ / \ 

x (C + 5) r c r (D + v yd u 

x sup | 2/ " +2 ^) +fc (y- 1 d/dy) fe ^y-^ 1 / 2 (/ iM r^)(y)| . (45) 
Using Theorem 2.1 (hi) in (143)1. we have 

x (C + 5) r c r (D + ry)^ ||(V^)(2/)ir (At + a) n+2 ^+ k 



x a n+2(g-r)+fc&n+2(g-r)+fe(-S3 + P) 



h-v„2 



°k-u- 
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Using inequality ( [27]) and ( [28J) , we have 

q k p+s 



\x k (x 



r=0 v=0 n=0 

3 „-rH-6(g-r)+2fc 



x || ( V*0) r (A x + a)" +2 ^ +fc (i?3 + p?- v R\Hl 

2 d3 rj-™+6(g-r)+2fc, ,2 > 2 

x a n a q _ r a k ti 2 ti 2 o n o q _ r Oka k _ v . 
Applying inequality ( [23} and ( [21]) , we have 

x (D + r]Yd v H n+ ^ q - r ^ +2k {A 1 + (x) n+2(<?_r)+fc <a*a;% 



x (aU<)aUW- r (^-r^)(^3 + p)^^||(V^)ir 
where 6* = max ?6No (& 9 , c 9 ), a£ = max fceNo (a fc , 4), # = and _R 3 = 

Finally 

l^-w^^wi < gf^(«3) 3 EEE(*)Q( p ; s )(c + ir 

x H n+6 ^ +2k (D + r ] ) u {A 1 + a) n+2(,? - r)+fc (53 + p) k - u a* n b* n b* k 
x (a*K) 2r a* 2 (aS/a;)XaiS(6S/6;) r W; IKV^f 

^ (^) 3 E (!) k w/^ai 2 )(c + *)n#Vi + °?r r 



r=0 

k 



x <W E + + + a) fc af 6* ||(V^)ir 

< i?(A 6 + o^af b* k (B 6 + p^afbf WiKrMT 

where A 6 = ((a*/a*)L> + B 3 )A 1 ,B 6 = (b*a* 2 /b\af)C + H 6 A 2 and i? is a 
constant. Therefore 

IW= sup sup I^^" 1 ^)^ 172 ^^)! < ^11(^0)^, 
Hence $(x) e H^ffl ■ 

— b B 

REMARK: In Theorem 2.2 we may choose e Hn >ak> A{arHp' ) then 
the p.d.o. /i^ a on Hankel translation {h^ a (r z (f))) G H^ a ,2 A , (orH^ q ' 6 ) where 
A' 6 = (a* / al) D + B 3 and B' 6 = (b* /bl) + Hi B 2 . 
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3 Pseudo-Differential Operator Involving Han- 
kel Convolution on the Spaces of Type 

In this section we investigate the p.d.o. involving Hankel convolution trans- 
form of <fi#il> on the spaces H^ akjA , H h ^' B and H*J^ A . We have the following 
interesting results [5J. 

Theorem 3.1 If {a k } and {6 g }V k,q G N satisfies (l2l\) and (\M) re- 
spectively then for fi > —1/2, the mapping ((f>,ip) i — > (<j)#tp) is linear and 
continuous from the spaces 



(i) H »,a h ,A x H^ akA into H^ Bl , where B x = A 2 (R*f 

(ii) H bq ' B x H b *' B into Ef B \ where B 2 = B 2 {R*f 



(R®) 6 Al and R® = max(l, R X R 2 ). 

Theorem 3.2 If {a k } and {b q } V k, q G N satisfies ( l21\) and ( 122}) respec- 
tively then for fi > —1/2, the mapping (</>, VO 1 — > h^^ip) is continuous 
linear mapping from 



(i) H^ ak!A x H^ akiA into H, q 



2 
1 

I- 1 ' 



where B 1 = A 2 (R*f and R* = max(l, ifr) 
(ii)H b ^ ,B x H h f? ,B into H^ bkB , and 

(Hi) K:Za x H h ;; B tA into Hffj h>Al , where A, = AB(R*) 2 , B 1 = A\R*f 
and R* = max(l, Ri). 

Theorem 3.3 Let {a k } , {b k } , {c k } and {d k } , k G N , satisfy condition ( [2b}) , 
H > —1/2 and the symbol a(x,y) satisfy ( l35\) then the p.d.o (4>,i/j) i — > 

^/i,a(0#V') i s continuous linear mapping from H bq ^ kA xH bq, f kA into H°^ b J b ' B ^, 

where A 7 = ((a*/a*)L> + B 1 )A l and B 6 = (b* af /b\af)C + H 6 A 2 . 

Proof: Let (<p,ip) G H bq f kA x H bq f kA then by, Theorem 3.2 (hi), h^ftip) G 

[i,a k b k ,Ai m 
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Now assume that = h^ a (<p#ifj)(x), from inequality (US]), we have 

^ i r=0 !/=0 n=0 \ / \ / \ / 

x (C + S) r Cr{D + rf) v d v 

x sup ^^-^^y-M/dyf^y-^h^^y^ . 
yei 

Using Theorem 3.2 (iii), the right-hand side assumes the form 

^ / r=0 l/=0 n=0 V / \ / \ / 

x (C + 8) r c r {D + r?) 1 ^ IMWOU" (^i + <x) n+% - r)+fc 

x 0-n+2{q-r)+kbn+2(q-r)+k(B 1 + p) k V a\_ v . 

Using the inequalities ( [27]) and ( [2S]) we can bound this expression by 

q k p+s 



2 r^f) E E E (') (*) (" I ') (.c + sycad + ,)"*, im*#*) ii" w. + «-r*~»* 



r=0 ^=0 n=0 

vfR 4- ^ fc - y /?3 H -n+6( ? -r)+2fe rj ^ 

Applying inequality ( [22]) and ( [21]) , we have 

q k p+ 



\ x \^d/d X y x -^m\ < ^(WEEE(!)(!)fr) (c+5)rc 

x (D + r ] yd u H n+G ^ +2k {A 1 + v) n+2{q - r)+k a* n a* k af_ r 
x (4_a:)4_fo;6*_ r (6*_ r 6;)(5 1 + p) fc -^* H^C^"" 

where 6* = meoc qENo (b q , c q ) , a* k = max k&io (a k , d k ), H = and R 3 

R\R,2- 

Finally 

q k p+s 



\x k (x 



-w«-v.*<«)l < ^ ( ^EEE0O( p r)( c ^'' 



r=0 ^=0 n=0 

x H n+G ^ +2k (D + r)Y{A x + (T )«+2(^)+fc( fil + p) k ~ v a* n b* n b\ 
x (oS/ai)X(«WWW IMW"" 
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r=0 ^ ' 



" 'jfc 



u=0 

< R(A 7 + a^afbUBe + p^afbf 

where A 7 = ((a*/al)D + B^A^Bq = (b* a* 2 /b\af)C + /J 6 A\ and i? is a 
constant. Therefore 

11 11 (A 7 + a 1 )S^5 6 + Pi) 9 <&* 2 " ""^^11 

Hence G H^ff" . 

REMARK: In Theorem 3.3 we may also choose 4>,ip E H^^ ak) A{orH^' ) 
then p.d.o fy^ a on Hankel convolution (/i M , a (0#V ; )) e H^^^orH^ ' 6 ), 
where A' 7 = {c%/a%)D + #i and fig = (b^/b{)C + J^ 2 - Similarly we may 
define for e # M , afc ,A and V e or ^ G and 

study the p.d.o. on 0#t/>. 
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